Let G be a connected linear algebraic group over a geometric field k of cohomological dimension 2 of one of the types which were considered by Colliot-Thélène, Gille and Parimala. Basing on their results, we compute the group of classes of R-equivalence G(k)/R, the defect of weak approximation A Σ (G), the first Galois cohomology H 1 (k, G) , and the Tate-Shafarevich kernel x 1 (k, G) (for suitable k) in terms of the algebraic fundamental group π 1 (G). We prove that the groups G(k)/R and A Σ (G) and the set x 1 (k, G) are stably k-birational invariants of G.
Let G be a connected linear k-group. In the case (gl) we always assume that G has no factors of type E 8 .
0.2.
In [11, 12] the arithmetic of linear algebraic groups over such fields was investigated. In particular, when G is semisimple simply connected, it was proved that H 1 (k, G) = 1 and G(k)/R = 1 (where G(k)/R denotes the group of classes of R-equivalence); in the cases (gl) or (ll) it was proved that the defect of weak approximation A Σ (G) equals 1 with respect to any finite set Σ of associated discrete valuations, i.e., G has weak approximation property with respect to Σ. It was proved that in the second non-abelian cohomology set H 2 (k, L) all the elements are neutral, if the k-kernel (k-band) L = ( G, κ) is such that G is semisimple simply connected.
Assume that G is a reductive k-group admitting a special covering, i.e., there exists an exact sequence
where G 0 is a semisimple simply connected group, N is a quasi-trivial torus and µ is a finite abelian k-group. For such groups G the group of classes of R-equivalence G(k)/R and the defect of weak approximation A Σ (G) were computed by Colliot-Thélène, Gille, and Parimala [12] in terms of µ.
0.3.
In the present paper we do not assume that G admits a special covering. Basing on the fundamental results of [12] , for a connected linear k-group G we compute the group G(k)/R, the group A Σ (G) (in the cases (gl) and (ll)), the Galois cohomology set H 1 (k, G) , and the Tate-Shafarevich set x 1 (k, G) (in the case (ll)) in terms of the algebraic fundamental group π 1 (G). We prove that the groups G(k)/R and A Σ (G) and the set x 1 (k, G) are stably k-birational invariants of G. We also consider the case where k is a number field.
0.4.
We describe our results in more detail. First let k be any field of characteristic 0. Let Γ = Gal(k/k), wherek is a fixed algebraic closure of k. For a reductive k-group G let π 1 (G) denote the algebraic fundamental group of G introduced in [6] . For any connected linear k-group G let G u denote its unipotent radical and let G red = G/G u ; it is a reductive group. We set π 1 (G) := π 1 (G red ); it is a finitely generated (over Z) Γ -module. (For another definition of π 1 (G) see [33, Section 10] . ) We consider an additive functor H from the category of k-tori to the category of abelian groups, with the following property: H(N) = 0 for any quasi-trivial torus N . An example of such a functor is T → H 1 (k, T ) .
In Section 1 we consider a coflasque resolution of π 1 (G)
(i.e., P is a permutation Γ -module and Q is a coflasque Γ -module). Let F G denote the flasque torus such that X * (F G ) = Q, where X * denotes the cocharacter group. We show that H(F G ) is determined uniquely by G up to canonical isomorphism, and we obtain a functor G → H(F G ).
In Section 2 we consider a smooth rational k-variety X. Let V X denote a smooth compactification of X. Write V X = V X × kk . Let S X be the Néron-Severi torus of V X , i.e., the k-torus such that X * (S X ) = Pic V X , where X * denotes the character group. We show that H(S X ) is determined uniquely by X up to canonical isomorphism, and we obtain a functor X → H(S X ). The group H(S X ) is a stably k-birational invariant of X.
In Section 3 we prove that for a connected k-group G, Pic V G is a flasque Γ -module (thus we generalize a theorem of Voskresenskiȋ on tori). Using this result we prove that H(F G ) H(S G ) and that F G × N 1 S G × N 2 for some quasi-trivial k-tori N 1 and N 2 .
In Section 4 we assume that k is as in 0. 1 
. We prove that G(k)/R H 1 (k, F G ). We take H(T ) = H 1 (k, T ). Using the results of Sections 3 and 2, we obtain that G(k)/R H 1 (k, S G ) and therefore the group G(k)/R is a stably k-birational invariant of G.
In Section 5 we consider weak approximation for G with respect to a finite set Σ of associated discrete valuations of k. We assume that k is of type (gl) or (ll). For a k-torus T set
(q is pronounced "cheh"). We prove that A Σ (G) q 1
Σ (k, F G ). We take H(T ) = q 1 Σ (k, T ).
Using the results of Sections 3 and 2, we obtain that A Σ (G) q 1
Σ (k, S G ) and therefore A Σ (G) is a stably k-birational invariant of G.
In Section 6 we consider H 1 (k, G) . In [6] for any field k of characteristic 0 the group of abelian Galois cohomology H 1 ab (k, G) was defined in terms of π 1 (G). A canonical abelianization map ab 1 : H 1 (k, G) → H 1 ab (k, G) was defined. We prove here that if k is as in 0.1, then ab 1 is a bijection. Thus H 1 (k, G) has a canonical, functorial structure of an abelian group.
In Section 7 we consider the Hasse principle for G when k is of type (ll). Using the result of Section 6, we prove that there is a canonical bijection x 1 (k, G) x 2 (k, F G ). We take H(T ) = x 2 (k, T ). Using the results of Sections 3 and 2, we obtain that x 1 (k, G) x 2 (k, S G ) and that the cardinality of the set x 1 (k, G) is a stably k-birational invariant of G. In particular, if G is stably k-rational, then x 1 (k, G) = 1.
The results of Sections 4-7 hold also when k is a totally imaginary number field. In Section 8 we establish analogues of these results when k is any number field, not necessarily totally imaginary.
The proof of our formula for G (k) /R in Section 4 is based on the difficult Lemma 4.12. This lemma is proved in Appendix by P. Gille. Gille also proves a similar (and more difficult) result over a number field which we use in Section 8.
For a discussion of our results (with references) see the text of the paper below. Here we only note that we use the method of Kottwitz [27] in order to reduce the assertions to the known case of tori.
Notation and conventions
k is a field of characteristic 0,k is a fixed algebraic closure of k, Γ = Gal(k/k). By a Γ -module we mean a finitely generated over Z discrete Γ -module.
Let G be a connected linear algebraic group defined over k. We define G u and G red as in 0.4. Let G ss denote the derived group of G red ; it is semisimple. Set G tor = G red /G ss ; it is a torus. Let G sc denote the universal covering of G ss ; it is simply connected.
In Sections 1-3, H is a covariant functor from the category of k-tori to the category of abelian groups satisfying the following conditions:
(1) let f 1 , f 2 : T → T be two homomorphisms of k-tori, then H( 
An example of such a functor is H(T ) = H 1 (k, T ). Another example is H(T ) =
x 2 (k, T ) when k is a number field.
Functor H(F G )
Let k be a field of characteristic 0. In this section we construct a functor G → H(F G ) from the category of connected linear algebraic k-groups to abelian groups. Here F G is the flasque torus coming from a coflasque resolution of π 1 (G).
1.1.
A Γ -module P is called a permutation module if it is torsion-free and has a Γ -invariant basis. A Γ -module is called coflasque if it is torsion-free and H 1 (Γ , Q) = 0 for every open subgroup Γ ⊂ Γ . Any permutation module is coflasque.
A coflasque resolution of a Γ -module A is an exact sequence of Γ -modules
where P is a permutation module and Q is a coflasque module. Let (R) be a coflasque resolution of a Γ -module A. Let F (R) denote the flasque torus such that X * (F (R) 
, where H is a functor as in Section 0.5. We shall prove that F (R) depends only on A and is functorial in A.
Note that for two coflasque resolutions 
be coflasque resolutions. We always regard Q i as a subgroup of
is a pair of homomorphisms of Γ -modules f : A 1 → A 2 , ψ : P 1 → P 2 such that the following diagram is commutative:
Then ψ defines a homomorphism Q 1 → Q 2 (as the restriction of ψ to Q 1 ). Thus a pair (f, ψ) gives rise to a homomorphism F (f, ψ) :
Clearly ker p Q . We obtain an exact sequence
Since P is a permutation module and Q is a coflasque module, we have Ext 1 (P , Q ) = 0 (cf. [29, Proposition 1.2]). Thus there exists a splitting β :
Proof. Let ψ 1 , ψ 2 : P → P be two homomorphisms of Γ -modules compatible with f : A → A . Let χ = ψ 1 − ψ 2 : P → P . Then clearly im χ ∈ ker α = Q . We may and shall regard χ as a homomorphism χ : P → Q .
Let θ i : Q → Q be the homomorphisms induced by ψ i (i = 1, 2), where we regard Q , Q as submodules of P , P , respectively. Then θ i (x ) = ψ i (x ) for any x ∈ Q . We see that θ 2 − θ 1 = χ| Q . But χ| Q : Q → Q factors through P . It follows that
1.7. Now using Lemmas 1.2, 1.5 and 1.6, we shall prove by a categoric argument that the correspondence A → F (R) defines a functor A → F (A) from the category of Γ -modules to the category of abelian groups.
(i) Assume we have three coflasque resolutions (R ), (R ), (R ) as above. Let f : A → A and g : A → A be homomorphisms of Γ -modules. Then it is easy to see that (R ,R ) .
(ii) Consider the case when we have one Γ -module A and one coflasque resolution
(iii) Consider the case of two coflasque resolutions of the same Γ -module A:
. One can easily prove that ϕ 12 is an isomorphism. We have constructed a canonical isomorphism ϕ 12 :
(iv) Now consider three coflasque resolutions of one Γ -module A:
. By (i) we have ϕ 23 • ϕ 12 = ϕ 13 .
(v) Let A be a Γ -module. For any two coflasque resolutions (R 1 ), (R 2 ) of A we identify F (R 1 ) with F (R 2 ) using the canonical isomorphism ϕ 12 . We thus obtain an abelian group which we denote by F (A). Note that the group F (A) is well defined because of (iv).
(vi) Let f : A → A be a homomorphism of Γ -modules, and let (R i ) → (R i ) (i = 1, 2) be two morphisms of coflasque resolutions extending f . Then it is easy to see that the following diagram is commutative:
(vii) Let f : A → A be a homomorphism of Γ -modules. Choose coflasque resolutions (R ) and (R ) of A and A , respectively. We define
. By (vi) this homomorphism is well defined (does not depend on the choice of resolutions).
Thus we have defined a functor A → F (A) from Γ -modules to abelian groups. We shall denote F (A) by H(F A ).
1.8.
We recall the definition of algebraic fundamental group π 1 (G) of a connected linear algebraic group G from [6] .
First assume that G is reductive. Consider the composition
In general the homomorphism ρ is neither surjective nor injective. Let T ⊂ G be a maximal torus (defined over k).
, where X * denotes the cocharacter group. Set π 1 (G) = X * (T )/ρ * X * (T sc ). It is shown in [6] that the Γ -module π 1 (G) is well defined, i.e., does not depend on the choice of a maximal torus T ⊂ G. To a homomorphism f :
For an arbitrary connected linear algebraic k-group G (not necessarily reductive) we set π 1 (G) := π 1 (G red ). Then π 1 is a functor from the category of connected linear algebraic k-groups to the category of Γ -modules.
Consider the functor
) from the category of connected linear algebraic k-groups to the category of abelian groups. We shall write H(
Recall that a finite group is called metacyclic if all its Sylow subgroups are cyclic. 
Proposition 1.10. Assume that the image
Γ of Γ in Aut π 1 (G) is a metacyclic group. Then H(F G ) = 0. Proof. By definition H(F G ) = H(F ) forH(F ) ⊕ H(T ) = H(F × T ) = 0, hence H(F G ) = H(F ) = 0. 2
Functor H(S X )
2.1. Let k be a field of characteristic 0. Let X be a smooth rational k-variety (i.e., X × kk is birational to an affine space). Let V X be a smooth k-compactification of X. We consider the Γ -module Pic V X , where V X = V X × kk . It is a torsion-free group of finite Z-rank (cf., e.g., [44, 4.5] ). Let S X denote the Néron-Severi torus of V X , i.e., the k-torus with character group X * (S X ) = Pic V X . We shall show in this section that H(S X ) does not depend on the choice of V X , and that the correspondence X → H(S X ) extends to a functor from the category of smooth rational k-varieties to the category of abelian groups. (The similar assertion about the correspondence X → H 1 (k, Pic V X ) is known to experts, cf. [39, 9 .0], but we could not find a reference where it was written in detail.) Moreover we shall prove that H(S X ) is a stably k-birational invariant of X.
2.2.
Let X be a smooth geometrically integral k-variety. A smooth compactification V of X is a pair (V , ν : X → V ), where V is a smooth complete k-variety, and ν is an embedding of X into V as a dense open subset. We often write just V instead of (V , ν). We say that a smooth compactification
We need three propositions on smooth compactifications. 
2.7.
From now on to the end of the section we assume that X is a smooth rational variety (i.e.,k-rational). Let V X be a smooth compactification of X. We define S X as in 2.1.
2.8.
Let V 1 , V 2 be two smooth compactifications of X, and let S 1 , S 2 be the corresponding Néron-Severi tori (i.e., X * (S i ) = Pic V i , i = 1, 2). We wish to construct an isomorphism ϕ 12 : H(S 1 ) → H(S 2 ). By Proposition 2.4, there exists a smooth compactification V of X dominating both V 1 and V 2 . Let S denote the corresponding Néron-Severi torus. The domination morphism λ 1 : V → V 1 induces a homomorphism λ 1 * : S → S 1 , and there exists an isomorphism S S 1 × N 1 , where N 1 is a quasi-trivial k-torus and λ 1 * corresponds to the projection of S 1 × N 1 onto S 1 (cf. [44, 4.4] ). We thus obtain an isomorphism ϕ 1 :
2.9.
If V is another smooth compactification of X dominating both V 1 and V 2 , we obtain another isomorphism ϕ 12 : H(S 1 ) → H(S 2 ). However there exists a smooth compactification V of X dominating both V and V , and using this fact one can easily show that ϕ 12 = ϕ 12 
2.12.
Let f : X → X be a morphism of smooth rational varieties. By Proposition 2.6 there exists a morphism of smooth compactifications ψ : V → V ; here (V , ν ) and (V , ν ) are smooth compactifications of X and X , respectively, and the diagram
Let now ψ 1 : V 1 → V 1 and ψ 2 : V 2 → V 2 be two morphisms of smooth compactifications extending a k-morphism f : X 1 → X 2 . Then using Propositions 2.4 and 2.6, we can construct a morphism of smooth compactifications ψ 3 : V 3 → V 3 dominating both ψ 1 and ψ 2 (in the obvious sense). Using this fact one can easily show that the diagram
commutes. (Here S 1 is the Néron-Severi torus of V 1 , and so on.) Thus we have constructed a canonical homomorphism f * : Proof. Let X 1 and X 2 be two stably k-birationally equivalent varieties. Then
Isomorphism H(F G ) H(S G )
Let k be a field of characteristic 0. In this section we construct an isomorphism of functors G → H(S G ) and G → H(F G ) on the category of connected linear algebraic k-groups. But first we need to generalize a result of Voskresenskiȋ. We prove the following theorem.
Proof. (i) First, we reduce the assertion to the case of a reductive group. A Levi decomposition gives an isomorphism of
where P is a permutation module. Thus if Pic V G red is flasque, then Pic V G is also flasque. So we may and shall assume that G is reductive.
(ii) Let us now prove the assertion of the theorem in the case where G is quasi-split, i.e., has a Borel subgroup B defined over k. Then it follows from the Bruhat decomposition that there exists an open subset in G isomorphic to U − × T × U , where T is a maximal torus of G, U is the unipotent radical of B, and U − is the opposite unipotent subgroup of G. Here U and U − are k-rational varieties. It follows that Pic V G Pic V T ⊕ P , where P is a permutation module. Since Pic V T is flasque by Proposition 3.1, we conclude that Pic V G is flasque.
(iii) The general case can be reduced to the quasi-split case by the device of passage to the variety of Borel subgroups. The following argument mimics [ Let
(iv) We can now finish the proof of the theorem. Let V = V G be a smooth compactification of G. Since G isk-rational, it follows from [44, 4.4] that Pic(V × kk ) is a torsion-free abelian group of finite rank, and that Pic(
. Then h acts trivially on Pic V and hence on Q. We have an isomorphism Γ g /h. We have an inflation-restriction exact sequence 
Proof. 
Corollary 3.6. H(F G ) is a stably k-birational invariant of G.
Proof. The corollary follows from Theorem 3.5 and Proposition 2.14. 2
In the proof of Theorem 3.5 we use the method of Kottwitz [27] . We need the following lemma which was stated in [6] without proof.
We have a commutative diagram with exact rows
where the vertical arrows are injective and coker
. Now our lemma follows from the snake lemma. 2
Corollary 3.8. If G is a reductive k-group and G ss is simply connected, then the map
t : G → G tor induces a canonical isomorphism t * : π 1 (G) ∼ − → X * (G tor ). Proof. We have an exact sequence 1 → G ss → G → G tor → 1, where π 1 (G ss ) = 1 and π 1 (G tor ) = X * (G tor ). 2
We now construct an isomorphism of functors
Choose a smooth compactification V G of G. Consider the exact sequence of Voskresenskiȋ ( [41, 42] , [44, 4.5 
where P is a permutation module. We have X * (G) = X * (G tor ). Since G ss is simply connected, we have Pic G = 0 (cf. [39, 6.9, 6 .11]). We thus obtain an exact sequence of torsion-free Γ -modules
The dual exact sequence is
where P is a permutation module. By Theorem 3.2, Pic V G is a flasque module, hence
. We see that (3.1) is a coflasque resolution of π 1 (G). Thus we may take F G = S G . We obtain an isomorphism
3.10.
We show that ξ G does not depend on the choice of a smooth compactification V G of G.
Let V 1 and V 2 be two smooth compactifications of G. Proposition 2.4 shows that it suffices to consider the case when V 1 dominates V 2 . Let λ : V 1 → V 2 denote the domination morphism. Let S 1 and S 2 be the Néron-Severi tori of V 1 and V 2 , respectively. Then λ induces a homomorphism λ * : S 1 → S 2 and an isomorphism ϕ 12 = λ * :
where P 1 and P 2 are permutation modules. Thus λ * : S 1 → S 2 is the morphism of flasque tori corresponding to a morphism of coflasque resolutions of the Γ -module π 1 (G). In other words, if we set F 1 = S 1 and F 2 = S 2 , then we have a commutative diagram
where the left vertical arrow is defined in 2.8, while the right vertical arrow is defined in 1.7(iii). Thus the isomorphism ξ G is well defined (does not depend on the choice of a smooth compactification of G).
One can easily show that ξ G is functorial in G (using Proposition 2.6 and the fact that Voskresenskiȋ's exact sequence is functorial in (G, V G )).
3.11. The next step is to extend ξ G to all connected reductive k-groups. We use the method of z-extensions.
A z-extension of a reductive k-group G is an exact sequence of connected reductive k-groups
such that H ss is simply connected and Z is a quasi-trivial k-torus. By a lemma of Langlands, cf. [34, Proposition 3.1], every reductive k-group admits a z-extension.
We need two lemmas.
Lemma 3.12. Let
is an isomorphism of abelian groups.
Consider the commutative diagrams
and
where i 2 and i 3 are the inclusions. Clearly i 2 * and i 3 * in the right diagram are isomorphisms (we may take V U 2 = V G 2 and V U 3 = V G 3 ). We have proved that β * is an isomorphism, hence β * is an isomorphism. 
where p G and p H are the projections. Since X * (Z) and P G are permutation modules, the sequence (3.2) splits. Therefore P is a permutation module, and (3.3) is a coflasque resolution of π 1 (H ). Consider the morphism of resolutions (β * , p G ):
We shall use the following lemma. 
By Corollary 3.13 and Lemma 3.15, the vertical arrows are isomorphisms, and ξ G is thus defined. Using Lemma 3.16, one can easily check that our ξ G does not depend on the choice of a z-extension H β − → G and is functorial in G. To extend ξ G to all connected k-groups G, we need a lemma.
3.19.
We can now extend ξ G to the category of all connected k-groups G. We must define ξ G so that the following diagram is commutative:
By Corollary 3.14 and Lemma 3.18, the vertical arrows are isomorphisms, and ξ G is thus defined. This isomorphism ξ G is functorial in G.
This completes the proof of Theorem 3.5. (ii) A particular case of Theorem 3.5 (for semisimple groups over number fields) was proved in [21] in the course of the proof of Theorem III.4.3. Discussions with P. Gille around this result led us to Theorem 3.5. P. Gille suggested another proof.
, where P 1 and P 2 are some permutation modules (recall that ( ) ∨ denotes the dual module).
Proof. We have actually proved this while proving Theorem 3.5. Indeed, in 3.9 we proved that for a reductive group G such that G ss is simply connected, we may take
In the proofs of Corollaries 3.13, 3.14 and Lemmas 3.15 and 3.18 we proved that if G is any connected k-group, then Q G is similar to Q H and (Pic V G ) ∨ is similar to (Pic V H ) ∨ for some reductive group H such that H ss is simply connected. 2 Remark 3.22. In Sections 1-3 we assumed that H is a covariant functor only for simplicity. All the results (with evident changes) also hold for an additive contravariant functor H such that H(N) = 0 for any quasi-trivial k-torus N .
Theorem 3.23. Let G be a connected linear k-group. Then there is a canonical functorial isomorphism
where Q ∨ G is the dual module to Q G , and Q G comes from a coflasque resolution
, the theorem follows from Theorem 3.5 applied to the contravariant functor T → H(T ) = X * (T ). 2 
Corollary 3.24. Let E be a principal homogeneous space of a connected linear k-group G. Then there is a canonical isomorphism
where γ runs over closed procyclic subgroups of Gal(k/k). From this formula one can deduce the formula of [7, Theorem 2.4].
R-equivalence
In this section for k as in 0.1 we construct an isomorphism of functors
on the category of k-tori satisfies conditions (1)- (3) of Introduction, so we have functors G → H 1 (k, F G ) and X → H 1 (k, S X ) as in Sections 1 and 2.) We start with stating the results of [15] on R-equivalence on tori and the results of [12, 22] on R-equivalence on reductive groups admitting special coverings. We derive some corollaries which will be used below.
4.1.
The notion of R-equivalence was introduced by Manin [31] . Let X be an algebraic variety over a field k. We say that two points x, y ∈ X(k) are elementarily related if there exists a rational map f of the projective line P 1 to X such that f is defined in 0 and 1 and f (0) = x, f (1) = y. Two points x, y are called R-equivalent if there exists a finite sequence of points x 0 = x, x 1 , . . . , x n = y such that x i is elementarily related to x i−1 for i = 1, . . ., n. We denote by X(k)/R the set of equivalence classes in X (k) . If G is a connected linear algebraic group over k, then the set G(k)/R has a natural group structure.
Let
be a coflasque resolution. Let
be the corresponding exact sequence of tori, where X * (N) = P and X * (F T ) = Q. Consider the exact sequence 
Corollary 4.4. The collection of isomorphisms
δ T * : T (k)/R ∼ − → H 1 (k, F T )
is an isomorphism of functors ( from k-tori to abelian groups).

Proof. Easy diagram chasing. 2
Let now k be as in 0.1. Let G be a connected linear k-group. In the case (gl) we always assume that G has no factors of type E 8 .
We say that a connected k-group G admits a special covering if G is reductive and there is an exact sequence
with µ finite and G the product of a semisimple simply connected group and a quasi-trivial torus.
Theorem 4.5 ([22] , [12, Theorem 4.12] ). Let k be as in 0.1. Let G be a connected reductive k-group admitting a special covering. In the (gl) case, assume that G contains no factor of type E 8 . Let 
F is a flasque torus and N is a quasi-trivial torus). Then the Galois cohomology sequences induce an isomorphism of groups
where ϕ : µ 1 → µ 2 is an isomorphism. Then the induced homomorphism f * :
Proof (idea). We can choose flasque resolutions
so that ϕ extends to an isomorphism of resolutions
(i.e., ϕ, α and β are isomorphisms). 2
4.7.
We can now state and prove our main result on R-equivalence on groups over a field k as in 0.1.
Let k be a field of characteristic 0. Consider two functors from the category of connected linear algebraic k-groups to the category of abelian groups: G → G(k)/R and G → H 1 (k, F G ) (the latter functor was introduced in 1.9). The collection of maps δ T * of Theorem 4.3 is an isomorphism of these functors on the category of k-tori. 
Proof. The corollary follows from Theorem 4.8, Theorem 3.5, and Proposition 2.14. 2
Remark 4.11. (i) It is clear that the
(ii) Let k, G 1 , G 2 be as in Theorem 4.8, and let f : G 1 → G 2 be a rational map defined over k. In other words, we are given open subvarieties U ν ⊂ G ν (ν = 1, 2) and a regular map f :
On the other hand, in 2.13 we constructed the induced homomorphism f * :
However in general the diagram
is not commutative! For example take G 1 = G 2 = G, and let f be a left translation, i.e.,
/R may take the identity element to another element, while f * :
(iii) Corollary 4.9 and the similar corollaries below (Corollaries 5.11 and 7.8) generalize results of [12] (Corollary 4.11(iv), Corollary 4.14(iv), and Theorem 5.2(b)(i)) proved for semisimple groups splitting over a metacyclic extension.
To prove Theorem 4.8 we need some lemmas. 
Proof. We give two proofs.
(1) See Appendix by P. Gille, Theorem 1(b).
(2) (with the help of J.-L. Colliot-Thélène) (i) First assume that G admits a special covering
where G 0 is a simply connected group and N is a quasi-trivial torus. Since G ss is simply connected, we see that µ ∩ G 0 = 1. We have a commutative diagram with exact rows
where µ → µ t is an isomorphism. Hence by Corollary 4.6 we get an isomorphism
(ii) Let now G be any reductive k-group such that G ss is simply connected. By [39, Lemme 1.10] there exist a natural number m and a quasi-trivial torus T such that G m × T admits a special covering. Clearly (G m × T ) ss is simply connected. By (i), 
Proof. By Lemma 3.7, π 1 (G) π 1 (G tor ), and the lemma follows. 2
4.14.
We can now extend the isomorphism θ G :
from the category of k-tori to the category of reductive k-groups G such that G ss is simply connected. Namely, we must define an isomorphism θ G :
where t : G → G tor is the canonical epimorphism. Here the left vertical arrow is an isomorphism by Lemma 4.12, and the right vertical arrow is an isomorphism by Lemma 4.13. Thus θ G is defined.
The next step is to extend θ G to all connected reductive k-groups. We use the method of z-extensions. We need a lemma. 
be an exact sequence of connected linear k-groups. Assume that G 1 (k)/R = 1 and that
Proof. The map β * is clearly a group homomorphism. We wish to prove that β * is bijective.
Since H 1 (K, G 1 ) = 0 for any field extension K/k, the epimorphism β admits a rational section s : U 3 → U 2 , where U 3 is an open subset in G 3 and U 2 = β −1 (U 3 ). Let β : U 2 → U 3 be the map induced by β, then β • s = id U 3 . As in the proof of Lemma 3.12, we define an isomorphism of k-varieties
and → H 1 (k, F G ) to all reductive k-groups. The construction is similar to that of 3.17. We choose a z-extension H β − → G. We must define θ G so that the following diagram is commutative:
− → G be a z-extension with kernel Z. Then β * : H (k)/R → G(k)/R is an isomorphism of groups.
Corollary 4.17. Let G be a connected k-group. Then the homomorphism r
* : G(k)/R → G red (k)/R is an isomorphism.
We can now extend the isomorphism θ G : G(k)/R
Here the left vertical arrow is an isomorphism by Corollary 4.16, and the right vertical arrow is an isomorphism by Lemma 3.15. As in 3.17, using Lemma 3.16, one can easily check that our θ G does not depend on the choice of the z-extension H β − → G and is functorial in G.
4.19.
We extend θ G to all connected k-groups. We denote by r : G → G red the canonical epimorphism. Using Corollary 4.17 and Lemma 3.18, we can construct θ G for any connected k-group G so that the following diagram is commutative:
Theorem 4.8 is completely proved. 
4.21.
We now show how one can derive the formula of Theorem 4.5 from the formula of Theorem 4.8.
Let k be a field of characteristic 0, G a reductive k-group admitting a special covering
where G 0 is a simply connected group and N 0 is a quasi-trivial torus. We identify G 0 with G sc . Let
be a flasque resolution of µ, i.e., F is a flasque torus and N is a quasi-trivial torus. We wish to construct a coflasque resolution of π 1 (G) of the form
where P is a permutation module. Then we may take
Let T ⊂ G be a maximal torus. We obtain an exact sequence
where T sc × N 0 = α −1 (T ) and T sc is a maximal torus of G sc . Going over to cocharacters, we obtain an exact sequence of Γ -modules (cf.
We now factor out X * (T sc ) taking into account the definition of π 1 (G) (see 1.8) . We obtain an exact sequence
Going over to cocharacters in (4.1), we obtain
be the fibered product. We obtain exact sequences
Sequence (4.2) splits because X * (N 0 ) and X * (N) are permutation modules (cf. [29, Proposition 1.2]), hence P is a permutation module. Thus sequence (4.3) is a required coflasque resolution.
Weak approximation
In this section we compute A Σ (G) where G is a field of type (gl) or (ll). But first we consider weak approximation in a more general setting. 
. We say that G has the weak approximation property with respect to 
We
have G(k) ⊃ λ(U (k)) ⊃ λ(U(k)) = λ(U (k Σ )). We see that the subgroup G(k) of G(k Σ ) contains the open set λ(U (k Σ )). It follows that the subgroup G(k) is open in G(k Σ ). 2 Proposition 5.3 [35, Proposition 1.4]. Let k, Σ, and G be as in 5.1. Assume that G sc (k) = G sc (k Σ ). Then the closure G(k) of G(k) in G(k Σ ) is a normal subgroup, and the quotient A Σ (G) := G(k Σ )/G(k) is an abelian group.
Proof. We use an idea of [26, proof of Satz 6.1]. It suffices to prove that G(k) contains the commutator subgroup of G(k Σ ).
First we assume that G is reductive. Consider the homomorphism ρ : (k) , which was to be proved.
We now consider the case of general G (not necessarily reductive). Consider the canonical map r : G → G red . Let s : G red → G be the splitting corresponding to a Levi (k) , which was to be proved. 2
Let now k be a field of one of types (ll) or (gl).
Let Ω denote the associated set of discrete valuations of k, see [12, §1] . Let Σ ⊂ Ω be a finite subset. Let G be a connected linear k-group. In the case (gl) assume that G has no E 8 -factor. By [12, Theorem 4.7] , 
Since the homomorphism β : G 2 → G 3 is surjective, it is a smooth morphism, hence the map β : 
Next we prove that
Consider the homomorphism of abelian groups β * : 
Proof. The corollary follows from Lemma 5.5. We give another proof. We use the fact that β admits a rational section.
Since H 1 (K, G 1 ) = 1 for any field extension K/k, the map β admits a rational section. This means that there exist a Zariski open subset U 3 ⊂ G 3 and a regular map s :
Consider the open set g 3 U 3 and define a map g 2 * s :
Clearly β| g 2 U 2 • g 2 * s = id g 3 U 3 , i.e., g 2 * s is a rational section of β.
We prove that
. We shall write U 3 instead of g 3 U 3 and s instead of g 2 * s.
Next, using the fact that 
Σ (k, F G ).
We start from tori. 
Then the epimorphisms T (k)
→ H 1 (k, F T ) and T (k v ) → H 1 (k v , F T ) define a canonical isomorphism η T : A Σ (T ) → q 1
Σ (k, F T ). This isomorphism is functorial in T .
H 0 denoting the 0-dimensional Galois hypercohomology.
does not depend on the resolution. We take
We prove Theorem 5.10 in the rest of this section. We use the method of Kottwitz. We need two lemmas.
Lemma 5.14. Let G be as in Theorem 5.10, and assume that G is reductive and G ss is simply connected. Then the canonical homomorphism t :
(1) By [12, Theorem 4.7] , G ss (k) = G ss (k Σ 
Proof. This is an immediate consequence of Corollary 3.8. 2
We can now extend the isomorphism of functors
from the category of k-tori to the category of reductive k-groups G such that G ss is simply connected (and in the case (gl) G has no E 8 -factor). Namely, we must define an q 1 (k, F G ) so that the following diagram is commutative:
By Proposition 5.9, Lemmas 5.14 and 5.15, all the other three arrows in the diagram are isomorphisms. The isomorphism η G is functorial in G.
5.17.
We can now extend η G to the category of all connected reductive k-groups G such that in the case (gl) G has no factor of type E 8 . Choose a z-extension H β − → G. We must define η G so that the following diagram is commutative:
The left vertical arrow is an isomorphism by Corollary 5.6, the right vertical arrow is an isomorphism by Lemma 3.15, and the top horizontal arrow is an isomorphism by 5.16, and η G is thus defined. Using Lemma 3.16, one can easily check that η G does not depend on the choice of a z-extension H β − → G and is functorial in G.
5.18.
We can now extend η G to the category of all connected linear algebraic k-groups G such that in the case (gl) G red has no factor of type E 8 . We must define η G so that the following diagram is commutative:
The left vertical arrow is an isomorphism by Corollary 5.7, the right vertical arrow is an isomorphism by Lemma 3.18, and the bottom horizontal arrow is an isomorphism by 5.17, and η G is thus defined. The isomorphism η G is functorial in G.
Theorem 5.10 is completely proved.
Galois cohomology
In this section for a connected linear algebraic group G over a field k of one of types (gl), (sl), (ll) we compute H 1 (k, G) in terms of π 1 (G) .
does not depend on the choice of a resolution (see [6, 2.6 .2]), and it is a functor of G.
In the case when G is a reductive group, there exist abelianization maps
constructed in [6, Section 3] . When G is any connected linear k-group, we consider the canonical map r : G → G red and define ab n as the composed maps
We wish to prove that the map ab 1 is bijective over certain fields. Since the map r * :
[39, Lemme 1.13]), we may and shall assume in the rest of this section that G is reductive.
There is a canonical exact sequence
Moreover we can describe the fibers of the map ab 1 . Let ψ ∈ Z 1 (k, G), and let ξ denote the cohomology class of the cocycle ψ. Then by [6, 3.17 (ii)]
where the abelian group H 0 ab (k, G) acts on the set H 1 (k, ψ G sc ) and ψ G sc denotes the twisted form of G sc defined by ψ.
Proposition 6.2. Let G be a connected linear algebraic group over a field k of characteristic 0 such that
Proof. The proposition follows from (6.1). 2
We wish to describe the image of the map ab 1 in terms of the second non-abelian Galois cohomology.
6.3.
A crossed module of k-groups is a homomorphism of k-groups α : H → G together with an action of G on H satisfying certain conditions (see, e.g. [6, Definition 3.2.1]). In [6, Section 3] Galois hypercohomology H n (k, H → G) (n = 0, 1) with coefficients in a crossed module was defined (Breen [8] defined hypercohomology with coefficients in a crossed module in a very general setting). A 1-cocycle (u, ψ) ∈ Z 1 (k, H → G) is a pair of continuous mappings
where σ, τ, υ ∈ Γ . Two cocycles (u, ψ) and (u , ψ ) are called cohomologous, if there exist a continuous map a : Γ → H (k) and an element g ∈ G(k) such that
The first Galois hypercohomology set is denoted by H 1 (k, H → G) . The short exact sequence
gives rise to an exact sequence
Construction
We wish to construct a 2-cohomology class ∆(u, ψ) with coefficients in H . For every σ ∈ Γ we define a σ -semialgebraic automorphism of H
(see [5, 1.1] for the definition of semialgebraic automorphisms). Then
Thus (u, f ) is a non-abelian 2-cocycle in the sense of [5, 1.5] . Let
(see [5, 1.2] for the notation). We obtain a homomorphism κ :
, where Cl denotes the cohomology class.
Proposition 6.5. A hypercohomology class
Proof. First we describe the construction of the map ab 1 in [6, Section 3]. We assume that G is reductive. Consider the map ρ :
is a quasi-isomorphism of crossed modules, hence
We have a canonical map of (6.2) γ :
It suffices to prove that γ is surjective. But this follows from Proposition 6.5, because by assumption all the elements of H 2 (k, G sc , κ) are neutral for any κ. 2 Theorem 6.7. Let k be a field of one of types (gl), (sl), (ll) and let G be a connected linear k-group. In the case (gl) assume that G has no factors of type E 8 . Then the abelianization map ab 1 : (ii) Theorem 6.7 also holds when k is a totally imaginary number field. The injectivity of ab 1 follows from the Hasse principle for simply connected k-groups (Kneser-HarderChernousov). The surjectivity holds for any number field k, see Theorem 8.14 below.
Hasse principle
In this section we consider the case where k is a field of type (ll). For a connected linear algebraic k-group G one can define the Tate-Shafarevich kernel
which is a finite set [12, Theorem 5.1].
Here Ω is the associated set of places, see [12, §1] .
We compute x 1 (k, G) in terms of π 1 (G) and in terms of S G , and prove that the cardinality of 
Proof. Since k is of type (ll), k v is of type (sl) for any v ∈ Ω. By Theorem 6.7, in the commutative diagram
both horizontal arrows are bijections, and our theorem follows. 2
7.2.
We now take a coflasque resolution
where P is a permutation module and Q is a coflasque module. Let F and N be the k-tori such that X * (F ) = Q, X * (N) = P . The exact sequence of complexes of tori
induces an exact sequence
Clearly we have 
Proof. We have a commutative diagram with exact rows 
(ii) The assertion follows from (i) and Proposition 2.14. 2 and functorial structure of an abelian group on x 1 (k, G), and this abelian group is a stably
Corollary 7.8. If the image of
The results of this section also hold when k is a totally imaginary number field.
Case of a number field
All the results of Sections 4-7 hold when k is a totally imaginary number field. In this section we suppose that k is any number field, not necessarily totally imaginary. We prove analogues of the results of Sections 4, 5, 7.
We start from R-equivalence. 
where G 0 is simply connected and N 0 is a quasi-trivial torus. Let
be a flasque resolution of µ. Then Galois cohomology exact sequences induce an isomorphism of groups G(k)/R H 1 (k, F ).
Proof. By [21, Theorem III.3.1] Galois cohomology exact sequences induce an exact sequence 
Proof. We outline two proofs.
(1) The lemma follows from Theorem 1(a) of the Appendix by P. Gille, and Proposition 8. 
8. 6 . We pass to weak approximation over a number field k. Let Ω be the set of all places of k. We write Ω ∞ (respectively Ω f ) for the set of all infinite (respectively finite) places of k. 
Proof. The lemma follows from results of Sansuc [39] . Indeed, by Lemma 8.7 we may assume that G is reductive. By [39, Lemme 1.10] we may assume that G admits a special covering
where G 0 is a simply connected group and N 0 is a quasi-trivial torus. By [39, (3. 
be an exact sequence of connected linear algebraic groups over a number field k. Assume
Proof. We prove that β * is surjective. By Lemma 8.8 we may assume that Σ ⊂ Ω f . Then
We prove that β * is injective. We use an idea of [36, proof of Lemma 3.8]. By Lemma 8.8 we may assume that Σ ⊃ Ω ∞ .
First we prove that
for every v ∈ Ω ∞ , and by assumptions g 3k lifts to G 2 (k) .
2 ) where g 2kḡ
, which was to be proved.
Then we prove that
The proof is similar to the argument in the proof of Lemma 5.5 (we use the assumption that A Σ (G 1 ) = 1). From the inclusion
be an exact sequence of connected linear algebraic groups over a number field k. Let Σ ⊂ Ω be a finite set. Assume that G 1 is a quasi-trivial k-torus or a unipotent group. Then the map β * : 
When k is a number field, we have x 2 (k, N) = 0 for any quasi-trivial k-torus N . Hence the functor H(T ) = x 2 (k, T ) satisfies conditions (1)- (3) 
Proof. We use Proposition 1.10. 2 λ(g (1)) = λ(g)(1) = c(1) = c and c ∈ λ(RG(k) ). 2 Theorem 1. Let k be a field of one of the following types: (k) such that g ∈ U and we may assume that g is semisimple regular. We consider the maximal torus Z G (g) of G. By the statement (a), the group RZ G (g) (k) is dense in the closed subgroup The restriction to the factor E i yields (k) .
, N L/k (λ(RG(L))) ⊂ λ(RG(k)) ⊂ T (k). In other words, we have
By taking all the finite extensions L such that X(L) = ∅, we get
where N X (k) denotes the normgroup of X, i.e., the subgroup of k × generated by the (k i 
T (k i ).
The first case applied to k i and G m,k i gives
The norm principle (i.e., identity ( * ) above) applied to the extension k i /k yields
But the norm N k i /k : E i (k i ) → E i (k) induces the identity on the first factor k
which completes the proof of the lemma.
By Lemma 1, we have an exact sequence
So it remains to prove that the map C λ (k)/RC λ (k) → T (k)/R is an isomorphism. Surjectivity: We have to check that T (k) = RT (k) .C λ (k) . According to Lemma 2(d), one has T (k) + ⊂ C λ (k) , so
RT (k).T (k) + ⊂ RT (k).C λ (k).
By Lemma 2(a), we have RT (k) .T (k) + = T (k), so T (k) = RT (k) .C λ (k) . Proof. According to Theorem 4.15.a of [3] , the centralizer Z G (S) is the Levi subgroup of some k-parabolic subgroup P of G. The fact that Z G (S) ss /k is simply connected is wellknown, it can be deduced from the presentation of standard parabolic subgroups [3, §4] and Corollary 4.4 of [4] . We denote by U the unipotent radical of P and we consider the opposite parabolic group P − of P with respect to Z G (S); it is the unique k-parabolic subgroup Q of G containing Z G (S) such that Q ∩ P = Z G (S) [3, §4.8] . Let U − be the unipotent radical of P − . As P ∩U As Z G (S) is a Levi subgroup of P , we have a natural isomorphism P tor ∼ − → Z G (S) tor = T . According to Lemma 5.6 of [12] , the fact that G is simply connected implies that the torus T = P tor is quasi-trivial. So we have T (k)/R = 1 and the map Z G (S) ss (k)/R → G(k)/R is surjective. 2
